Quelques exemples d’algorithmes gloutons :

leur analyse et leurs applications pour la simulation numérique de
phénomeénes de la mécanique.

Yvon Maday’

'Laboratoire Jacques-Louis Lions
Université Pierre et Marie Curie, Paris, France
and Brown Univ.

Rennes, ENS campus Ker Lann

Y. Maday ( UPMC, Labo J.-L. Lions) Algorithmes gloutons 10 nov. 2008 1/63



0 Motivation
@ Background
@ Approximation in a space of small n-width

e Definition of the empirical interpolation procedure
@ The magic points
@ Application to polynomial interpolation

e Reduced Basis Method
@ Framework of the approach
@ Parameter dependent problems
@ An example

@ From the idea to the implementation
@ Black-Box implementation
@ Error Estimates
@ Selection of the parameters of the reduced basis

Y. Maday ( UPMC, Labo J.-L. Lions) Algorithmes gloutons 10 nov. 2008



0 Motivation
@ Background

Y. Maday ( UPMC, Labo J.-L. Lions) Algorithmes gloutons 10 nov. 2008 3/63



Background.

General issues about interpolation

Interpolation is a general and classical tool for approximation

Y. Maday ( UPMC, Labo J.-L. Lions) Algorithmes gloutons 10 nov. 2008 4/63



Background.

General issues about interpolation

Interpolation is a general and classical tool for approximation
Assume you are given a set o4,...,¢n,... of linearly independent

functions, given a function f that you want to approximate, the problem
is

Y. Maday ( UPMC, Labo J.-L. Lions)

Algorithmes gloutons 10 nov. 2008

4/63



Background.

General issues about interpolation

Interpolation is a general and classical tool for approximation
Assume you are given a set o4,...,¢n,... of linearly independent

functions, given a function f that you want to approximate, the problem
is

@ find a familly of scalars {on }1<p<m such that

Y. Maday ( UPMC, Labo J.-L. Lions)

Algorithmes gloutons 10 nov. 2008

4/63



Background.

General issues about interpolation

Interpolation is a general and classical tool for approximation
Assume you are given a set o4,...,¢n,... of linearly independent

functions, given a function f that you want to approximate, the problem
is

@ find a familly of scalars {on }1<p<m such that

° f(Cm) = ZnM:1 Qn SDn(Cm)

Y. Maday ( UPMC, Labo J.-L. Lions)

Algorithmes gloutons 10 nov. 2008

4/63



Background.
General issues about interpolation

Interpolation is a general and classical tool for approximation

Assume you are given a set o4,...,¢n,... of linearly independent
functions, given a function f that you want to approximate, the problem
is

@ find a familly of scalars {on }1<p<m such that
@ f((m) = ZnM:1 an ¢n(Cm)

where the interpolation points {,, are suitably chosen

Y. Maday ( UPMC, Labo J.-L. Lions) Algorithmes gloutons 10 nov. 2008 4/63



Background.
General issues about interpolation

Interpolation is a general and classical tool for approximation

Assume you are given a set o4,...,¢n,... of linearly independent
functions, given a function f that you want to approximate, the problem
is

@ find a familly of scalars {on }1<p<m such that
@ f((m) = ZnM:1 an ¢n(Cm)

where the interpolation points {,, are suitably chosen
of course, the project is generally not limited to the approximation in
the only

Xum = Span{pn, 1 < n< M}

Y. Maday ( UPMC, Labo J.-L. Lions) Algorithmes gloutons 10 nov. 2008 4/63



Background.
General issues about interpolation

Interpolation is a general and classical tool for approximation

Assume you are given a set o4,...,¢n,... of linearly independent
functions, given a function f that you want to approximate, the problem
is

e find a familly of scalars {a}y }1<p<um such that
o f(¢H) = nly alfon(¢h)

where the interpolation points ¢ are suitably chosen
of course, the project is generally not limited to the approximation in
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General issues about interpolation

Among the classical questions raised by interpolation

@ given a set of points, does the interpolant at these points exist;
@ is the interpolant unique;

@ how does the interpolation process compares with other
approximations (in particular orthogonal projections);

@ is there an optimal selection for the interpolation points;
@ is there a constructive optimal selection for the interpolation
points;

These question are covered in the polynomial case, though not
completely and the answers are complex and rather recent
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0 Motivation

@ Approximation in a space of small n-width
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Approximation in a space of small n-width.

Definition of n-width

Let X be a normed linear space, X be a subset of X and X, be a
generic n-dimensional subspace of X'. The deviation of X from X, is

E(X; X,) = sup inf ||x — y||x.
xeX YEXn

The Kolmogorov n-width of X in X is given by

dn(X, X) = inf{ E(X; X») : X, an n-dimensional subspace of X}

= infsup inf ||x — . 1
nfsup inf |x — yx 1)

V.
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generic n-dimensional subspace of X'. The deviation of X from X, is

E(X; X,) = sup inf ||x — y||x.
xeX YEXn

The Kolmogorov n-width of X in X is given by

dn(X, X) = inf{ E(X; X») : X, an n-dimensional subspace of X}

= infsup inf ||x — . 1
nfsup inf |x — yx 1)

V.

The n-width of X thus measures the extent to which X may be
approximated by a n-dimensional subspace of X.
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Approximation in a space of small n-width.
Interpolation

We are looking for a constructive way of approximating in X', we
assume that X ¢ C°
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Approximation in a space of small n-width.
Interpolation

We are looking for a constructive way of approximating in X', we
assume that X ¢ C°

We propose a greedy approach both for constructing the interpolation
points and the discrete spaces Xy,

our method is hierarchical
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e Definition of the empirical interpolation procedure
@ The magic points
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Approximation in a space of small n-width.

definition of the magic points
The first interpolating function is

=arg max [P~
©1 9¢681[X]\! Lo ()
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Approximation in a space of small n-width.

definition of the magic points
The first interpolating function is
¢y = arg ¢?s%(] 1P| L ()
The first interpolation point is
¢y =arg max 21

and we set g1 = ¢1(-)/¢1(¢1)
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Approximation in a space of small n-width.

definition of the magic points

The first interpolating function is

=arg max [P~
P 9¢681[X]H I Q)

The first interpolation point is
(1 = argmax |p1|
XeQ
and we set g1 = ¢1(:)/¥1({y) The second interpolating function is

©2 afg(bg‘s%qH () = @(¢1) a1l L= ()

The second interpolation point is
(2 = argmax [wa(-) — p2(¢1)au|
XeQ

and we set g2 = pa(-) — v2(C1)q1/w2(C2) — v2(¢1)q1(¢2)
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Approximation in a space of small n-width.

definition of the magic points

The first interpolating function is

=arg max [P~
P 9¢681[X]H I Q)

The first interpolation point is
(1 = argmax |p1|
XeQ
and we set g1 = ¢1(:)/¥1({y) The second interpolating function is
=arg max |[¢(:)—¢ o
P2 9¢€81[X]H (1) = ®(¢1) a1l (@)

The second interpolation point is
(2 = argmax [wa(-) — p2(¢1)au|
XeQ

and we set g2 = p2(-) — v2(¢1)q1/p2(C2) — ¥2(¢1)aqi1(¢2) and we
proceed by induction
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Approximation in a space of small n-width.

The recursion formula

We thus construct, by induction, the nested sets of basis functions
{q1,...,qu} and the nested sets of interpolation points
TM = {C'l?' "7CM}71 < M < Mman
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Approximation in a space of small n-width.

The recursion formula

We thus construct, by induction, the nested sets of basis functions
{q1,...,qu} and the nested sets of interpolation points

TM = {C'l?' "7CM}71 < M < Mman
For M = 3, ..., Mnax, We first solve the interpolation problem for

a7 1(®),1 <j <M -1, from

M—1
> GG)e) (@) =(G), i=1,... M1,
j=1
and compute
In-1[®] = Z OéM 1(®)q;,

and
em—1(®) = [|®() = Zm—1[®()]l[= (@) -
forall ® € X;
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Approximation in a space of small n-width.

The recursion formula
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The recursion formula

We then define

=arg max _1(® 5
oM 9%81[)(]5/\/1 1(®) , (5)
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Approximation in a space of small n-width.

The recursion formula

We then define

— _(® 5
oM argq);ﬂgﬁ&w 1(®), (5)

and
(m = argmax lom(X) = Zm—1[em(X)D L= () » (6)
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Approximation in a space of small n-width.

The recursion formula

We then define

— (D 5
oM argq);ﬂgﬁ&w 1(®), (5)
and
(m = argmax lom(X) = Zm—1[em(X)D L= () » (6)
; _ em—Zm—1[em]
we finally set qu(x) = 2 =2 S foulcn 29

BY = qi(x).1 < i.j <M.
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Approximation in a space of small n-width.

The recursion formula

We then define

— (D 5
oM argq);ﬂgﬁ&w 1(®), (5)
and
(m = argmax lem(X) = Zm-1[lem(x)) =) » (6)
; _ em—Zm—1[em]
we finally set qu(x) = 2 =2 S foulcn 29

BY = qi(x).1 < i.j <M.

The procedure is well posed if X is of sufficently large dimension (for
M < Mpax < dimX).
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Approximation in a space of small n-width.

The recursion formula

We then define

— (D 5
oM argq);ﬂgﬁ&w 1(®), (5)
and
(m = argmax lem(X) = Zm-1[lem(x)) =) » (6)
; _ em—Zm—1[em]
we finally set qu(x) = 2 =2 S foulcn 29

BY = qi(x).1 < i.j <M.

The procedure is well posed if X is of sufficently large dimension (for
M < Mpax < dimX).

Note that the matrix BM is invertible and lower triangular (the diagonal
is Id).
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Approximation in a space of small n-width.

The Lebesgue constant

The error analysis of the interpolation procedure classically involves
the Lebesgue constant Ay = sup,cq Z,"L |AM(x)|,
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Approximation in a space of small n-width.

The Lebesgue constant

The error analysis of the interpolation procedure classically involves

the Lebesgue constant Ay = sup,cq Z,"L |hM(x)|, where the hM is the
associated Lagrange basis.

A (in practice very pessimistic) upper-bound for the Lebesgue constant
is2M 1,
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Approximation in a space of small n-width.

The Lebesgue constant

The error analysis of the interpolation procedure classically involves
the Lebesgue constant Ay = sup,cq Z,"L |hM(x)|, where the h¥ is the
associated Lagrange basis.

A (in practice very pessimistic) upper-bound for the Lebesgue constant
is2M 1,

We remind also that the Lebesgue constant enters into the bound for
the interpolation error as follows

For any u € X, the interpolation error satisfies

[® — Zy®|| o) < (1 4+ An) | — Ymlle(). (7)

inf
YymeSPan ;1 <i<Mj}
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Approximation in a space of small n-width.

The Approximation of the greedy algorithm

We can also prove that

Assume that there exists a sequence of finite dimensional spaces

XiCcXoC---CXycC---CcX, dmXy=M (8)
such that there exists ¢ > 0 and o with

Vo e X, inf ||& —yllx < cemM (9)
YmEXm

then, if « > log(4), there exists 3 > 0 such that

& — Zy®| () < ce™ M. (10)
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Interpolation error..... a posteriori

For an estimator on the error, let M < Mmax — 1, we define
Em(P) =[P (Cnt1) — ZmP(Cpmst)|
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For an estimator on the error, let M < Mmax — 1, we define
Em(P) =[P (Cnt1) — ZmP(Cpmst)|

Lemma : If & € X), 1, then

() = ZmP( )l (@) < Em(P)

Y. Maday ( UPMC, Labo J.-L. Lions) Algorithmes gloutons 10 nov. 2008 15/63



Interpolation error..... a posteriori
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For an estimator on the error, let M < Mmax — 1, we define
Em(P) =[P (Cnt1) — ZmP(Cpmst)|

Lemma : If & € X), 1, then

() = ZmP( )l (@) < Em(P)

Of course, in general ® ¢ Xj. 1
and hence our estimator £y(®) is not a rigorous upper bound;

however, if ey (P) — O very fast,

we expect (and check) that the effectivity, ny(®) = Ep(P)/em(P) ~ 1.
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Interpolation error..... a posteriori

For an estimator on the error, let M < Mmax — 1, we define
Em(P) =[P (Cnt1) — ZmP(Cpmst)|

Lemma : If & € X), 1, then
() = ZmP( )l (@) < Em(P)
Of course, in general ® ¢ Xj. 1
and hence our estimator £y(®) is not a rigorous upper bound;
however, if ey (P) — O very fast,
we expect (and check) that the effectivity, ny(®) = Ep(P)/em(P) ~ 1.

Furthermore, the estimator is very inexpensive — one additional
evaluation of ©.
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Numerical results

We consider s
O(x) = & ((x1,x2); (11, p2)) = g()ﬁ — 1) + (X2 — p2)?) for
x €]0,1[? and p1 € [-1,—0.01]

M 6X/I max PMm Am M
8 830E-02 068 1.76 0.17
16 4.20E-08 0.67 2.63 0.1.
24 268E-04 049 442 0.28
32 5.64E-05 0.48 5.15 0.20
40 3.66 E-06 054 498 0.60
48 6.08 E-07 0.37 7.43 0.29

N . . _ . 2 .
Em.max IS the best fit error, 5, is the averaged ratio AT Aw is the

“Lebesgue” constant and 7, is the averaged effectivity index z
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Numerical results

We consider

O(x) = & ((x1, %2); (111, p2)) = g(X1 — 1)+ (X2 — u2)2)71/2 for
x €]0,1[2 and € [~1,-0.01]

M e max o A Tim
8 830E-02 068 1.76 0.17
16 4.20E-03 0.67 2.63 O0.1.
24 268E-04 049 442 0.28
32 564E-05 048 5.15 0.20
40 3.66 E-06 0.54 498 0.60
48 6.08 E-07 0.37 7.43 0.29

Note that we have here approximated the full set of ¢ ((x); ) with a

few of them @ ((x); (1)) ~ Za, ( ; )
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Numerical results
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Figure: (a) Parameter sample set S, Mmax = 51, and (b) interpolation points
Xm, 1 < m < Mnax.
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e Definition of the empirical interpolation procedure

@ Application to polynomial interpolation
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Application to polynomial interpolation

Equidistant points
© 00000000000000000000000000 0 0

Chebyshev points

Magic points
©0000 00000 6000000 000000000000
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Figure: Lebesgue constant on the interval.
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Application to polynomial interpolation
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Figure: Lebesgue constant on the the triangle.
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Application to polynomial interpolation
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Figure: Disposition of the points on the the triangle.
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Application to polynomial interpolation

45 : . . . .
increasing n AN
401~ - ~greedy RN
1

350 . ,

30f ) |

1
[}
—
1
1
-
-

15¢

101

. '/./,
\/;Li
A
B

Figure: Lebesgue constant on the the pentagon.
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Application to polynomial interpolation
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Figure: Disposition of the points on the the pentagon.
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Application to polynomial interpolation

n | Magic Points [12] 6]

2 2.0 2.0 2.0

3 3.80 2.93 2.93
4 8.70 4.07 4.11
D 9.77 5.8 H.62
6 15.27 7.53 7.36
7 31.04 10.17 | 9.37
8 34.31 14.63 | 12.31
9 62.99 20.46 | 15.69

Figure: Lebesgue constant on the the tetrahedron.
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Application to polynomial interpolation
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Application to polynomial interpolation

n | M lei(Xmi1) — Zulera(Xm1)ll | 91a — Zmeralle | nm
2 | 3 7.27E-2 7.79E-2 1.07
4 | 5 747E-3 7.52E-3 1.01
6 | 7 6.18E-4 6.70E-4 1.08
8|9 3.84E-5 3.84E-5 1.00
10 | 11 1.69E-6 1.72E-6 1.02
12 | 13 3.08E-8 4.02E-8 1.30
14 | 15 1.65E-9 1.65E-9 1.00
16 | 17 6.33E-11 6.73E-11 1.06
18 | 19 1.39E-12 1.39E-12 1.00
20 | 21 2.50E-14 251E-14 1.00

Table: Comparison between the error estimate and the actual error, for
polynomial interpolation of ¢4 = e,
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Application to polynomial interpolation

n | M | [eaa(Xm+1) — Zmleaa(Xm1)]l | l92a — Zmepaalle | nm

2 9 1.13E-1 6.32E-1 5.59
4 | 25 1.43E-1 1.66E-1 1.16
6 | 49 2.03E-2 2.24E-2 1.10
8 | 81 7.283E-4 1.46E-3 2.02
10 | 121 5.36E-5 1.06E-4 1.98
12 | 169 2.76E—6 2.78E-6 1.01

14 | 225 1.04E-8 1.31E-7 12.60
16 | 289 2.67E-9 4.88E-9 1.83
18 | 361 4.98E-11 1.16E-10 2.33
20 | 441 2.57E-12 2.78E-12 1.08

Table: Comparison between the error estimate and the actual error, for
polynomial interpolation of g,q = e~ (¢ +¥).
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Application to polynomial interpolation

n | M | oiw(Xmi1) = Zmlein(Xme )l | l@ir — Zmpinll= | nm

2 9 7.95E-2 1.59E-1 2.00
4 25 3.88E-2 1.47E-1 3.79
6 49 244E-3 1.95E-2 8.00
8 81 426E-3 2.42E-2 5.68
10 | 121 1.37E-3 3.74E-3 2.73
12 | 169 3.75E-3 5.66E-3 1.51

14 | 225 296E-4 569E-4 1.92
16 | 289 5.01E-5 5.80E-4 11.58
18 | 361 1.29E-4 3.00E-4 2.33
20 | 441 3.09E-4 5 72E-4 1.85

Table: Comparison between the error estimate and the actual error, for
polynomial interpolation of ¢, = [x3y3|.
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e Reduced Basis Method
@ Framework of the approach
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Reduced Basis Method : Framework of the approach.

Basics on approximation

@ A lot of problems we have to face in numerical analysis and
scientific computing: find u such that

Flu)=0 (1)
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appropriate continuous form, linear in v, and f is a given linear
form.
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Reduced Basis Method : Framework of the approach.

Basics on approximation

@ A lot of problems we have to face in numerical analysis and
scientific computing: find u such that

F(u)=0 (1)

can actually be written under a variational form : find u € X such
that )

A(u,v)y=<fv>, VYveX (2)

Where X and X are some coherent Banach spaces, A is an
appropriate continuous form, linear in v, and f is a given linear
form.

For time dependent problem one may specify even : find
u,vt,u(t,;) € X such that

ou

m(av V)

+A(u,v)=<fv> VYvekX (2')
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Reduced Basis Method : Framework of the approach.

Basics on approximation

The coherence in X and X is expressed through a condition in terms
of A that, for linear problems, involves, e.g.
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Reduced Basis Method : Framework of the approach.

Basics on approximation

The coherence in X and X is expressed through a condition in terms
of A that, for linear problems, involves, e.g.

e the ellipticity or coercivity (Lax Milgram theorem when X = X) or
@ the Babuska-Brezzi condition.....

that makes explicit conditions under which the problem is well posed :
i.e. there exists a unique solution u to problem (1).

For nonlinear problems the conditions are various and more involved.
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Reduced Basis Method : Framework of the approach.

Basics on approximation

The approximation can now proceed. Two families of finite dimensional

spaces {X}, and {X,}, are provided, that maintain the above
mentioned coherence.
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mentioned coherence.

and the discrete space reads : find u, € X, such that

A (Un, Vn) =< f ,Vn >, VVn € .XN'n (2n)
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mentioned coherence.

and the discrete space reads : find u, € X, such that

A (Un, Vn) =< f ,Vn >, VVn € .XN'n (2n)

or again for time dependent problems : find up, Vt, un(t,;) € X, such

that
Oun

m (W, Vn) + ./4 (Un, Vn) =< f ,Vn >, VVn (S .XN‘n (2;-')
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Reduced Basis Method : Framework of the approach.

Basics on approximation

The approximation can now proceed. Two families of finite dimensional
spaces {X}, and {X,}, are provided, that maintain the above
mentioned coherence.

and the discrete space reads : find u, € X, such that

A (Un, Vn) =< f ,Vn >, VVn € .XN'n (2n)

or again for time dependent problems : find up, Vt, un(t,;) € X, such

that

Oup

Wa
most often further numerical quadratures are involved leading to

slightly modified discrete problems

m ( Vo) + A (Un, Vo) =< F ,vp >, Yvye &y 2
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Basics on approximation

The approximation can now proceed. Two families of finite dimensional
spaces {X}, and {X,}, are provided, that maintain the above
mentioned coherence.

and the discrete space reads : find u, € X, such that

An(Un, Vn) =< fn, Vn >, VVn c .XN'n (2n)

or again for time dependent problems : find up, Vt, un(t,;) € X, such

that
Oun

ot
most often further numerical quadratures are involved leading to
slightly modified discrete problems

mn( Vn) + An(Un, Vn) =< fn, Vn >, VVn S .XN‘n (2;-')
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Reduced Basis Method : Framework of the approach.

Basics on approximation

All the art of the numerical analyst or the specialist of scientific

computing tends to define the discrete spaces X, and X, ... and also
Anp.... in such a way that
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Reduced Basis Method : Framework of the approach.

Basics on approximation

All the art of the numerical analyst or the specialist of sgientific
computing tends to define the discrete spaces X, and &), ... and also
Anp.... in such a way that

@ The discrete solutions up, exist and are unique

@ An error bound ||u — unl|lx < cinfy,cx, |[U— Wn||x can be derived
@ The best fit, infy,cx, ||[U — wn| x, goes to zero rapidly

@ The effective computation of u, is easy enough

@ An a posteriori error providing the size of ||u — uy/|| x is available

@ An a posteriori indicator telling what to do to improve ||u — up||x is
available
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Reduced Basis Method : Framework of the approach.

What most approaches do

Most approaches tend to define a family of spaces X, either by
proposing
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Reduced Basis Method : Framework of the approach.
What most approaches do

Most approaches tend to define a family of spaces X, either by
proposing
@ multipurpose approximations providing good accuracy assuming
some regularity holds this is the case of finite differences, finite
element, finite volume, spectral... methods
then error in lower order spaces (Aubin’s trick)

@ nonlinear approximations based on a posteriori indicators that
allows refinements or based on multiresolution analysis
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Reduced Basis Method : Framework of the approach.

What reduced basis method propose

Here what we want to use is an a priori knowledge of a reduced space
X much smaller than X where the solution to (1) should be sought
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Here what we want to use is an a priori knowledge of a reduced space
X much smaller than X where the solution to (1) should be sought
We present here two classes of problems where this strategy can be
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@ parameter dependent problems
@ hierarchical geometry for the domain

in both cases the space X is conceived from the use of a more
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Reduced Basis Method : Framework of the approach.

What reduced basis method propose

Here what we want to use is an a priori knowledge of a reduced space
X much smaller than X where the solution to (1) should be sought
We present here two classes of problems where this strategy can be
used

@ parameter dependent problems
@ hierarchical geometry for the domain

in both cases the space X is conceived from the use of a more
standard approximation methods you do not have to forget your
favorite method... it is more the opposite in a first step
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e Reduced Basis Method

@ Parameter dependent problems
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Parameter dependent problems.
Basics

Let us consider a class of problems depending on some parameters:

F(u,p) =0 (1)
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Parameter dependent problems.
Basics

Let us consider a class of problems depending on some parameters:
F(u,p)=0 (1)

and the parameter 1. belongs to R? (or some brick in RY)

@ This is the case for instance in a dimensional problem where
some parameters have to be optimized for some purpose

@ This can equally be the case for an inverse problem in parameter
identification.

@ The solution u = u(u) of (1°) is sought in some space X for any
given parameter p

@ The dependancy in p of the solution u(u) is most often regular.
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Parameter dependent problems.
The reduced basis space and approximation

@ Define X = Span{u(u), n € D} then looking for the solution in X
instead of X (generally a Sobolev space) is already a valuable
indication.....
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Parameter dependent problems.
The reduced basis space and approximation

@ Define X = Span{u(u), n € D} then looking for the solution in X
instead of X (generally a Sobolev space) is already a valuable
indication.....

@ In order to apprehend in which sense the good behavior of X
should be understood, it is helpfull to introduce the notion of
n-width following Kolmogorov
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Parameter dependent problems.

The reduced basis space and approximation

Let X be a normed linear space, X be a subset of X and X, be a
generic n-dimensional subspace of X'. The deviation of X from X, is

E(X; X,) = sup inf ||x — y||x.
xeX YEXn

The Kolmogorov n-width of X in X is given by

dn(X, X) = inf{ E(X; X») : X, an n-dimensional subspace of X}

= infsup inf ||x — . 11
nfsup inf |x — yx (11)

V.
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Parameter dependent problems.

The reduced basis space and approximation

Let X be a normed linear space, X be a subset of X and X, be a
generic n-dimensional subspace of X'. The deviation of X from X, is

E(X; X,) = sup inf ||x — y||x.
xeX YEXn

The Kolmogorov n-width of X in X is given by

dn(X, X) = inf{ E(X; X») : X, an n-dimensional subspace of X}

= infsup inf ||x — . 11
nfsup inf |x — yx (11)

V.

The n-width of X thus measures the extent to which X may be
approximated by a n-dimensional subspace of X.
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Parameter dependent problems.

The reduced basis space and approximation

Evaluation of the n-width of the set of solutions.

@ PCA in appropriate norms

log de la valeur propre

. . .
8 10 12 14 16 18
Numéro de la valeur propre
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Parameter dependent problems.
The reduced basis space and approximation

@ Of course X is rarely known but X, = Span{u(ux), k=1, ...,n}
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where uy are properly chosen

@ The solution to (1°) for other values of 1 is then approximated
through a Galerkin process.

@ The best fit approximation is often exponential in n and a random
log repartition of the sample values . is often better than other
obvious choices.
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The reduced basis space and approximation

@ Of course X is rarely known but X, = Span{u(ux), k=1, ...,n}
where uy are properly chosen

@ The solution to (1°) for other values of 1 is then approximated
through a Galerkin process.
@ The best fit approximation is often exponential in n and a random

log repartition of the sample values . is often better than other
obvious choices.

@ Galerkin approximation is preferable to any kind of interpolation or
extrapolation method.
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Parameter dependent problems.
The reduced basis space and approximation

@ Of course X is rarely known but X, = Span{u(uk), k=1, ...,n}
where uy are properly chosen

@ The solution to (1°) for other values of 1 is then approximated
through a Galerkin process.

@ The best fit approximation is often exponential in n and a random
log repartition of the sample values . is often better than other
obvious choices.

e Almroth B.O., Stern P., Brogan F.A.(1978)

@ Galerkin approximation is preferable to any kind of interpolation or
extrapolation method.
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Parameter dependent problems.
The reduced basis space and approximation

@ Of course X is rarely known but X, = Span{u(ux), k=1, ...,n}
where uy are properly chosen

@ The solution to (1°) for other values of 1 is then approximated
through a Galerkin process.

@ The best fit approximation is often exponential in n and a random
log repartition of the sample values . is often better than other
obvious choices.

e Almroth B.O., Stern P., Brogan F.A.(1978)
e Noor A.K., Peters J.M.(1980)

@ Galerkin approximation is preferable to any kind of interpolation or
extrapolation method.
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e Reduced Basis Method

@ An example
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An example

Bi: heat transfer coefficient Bi: heat transfer coefficient
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Figure: the fin geometry.
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An example

Thermal fin problem

a(u, v; ) ::/kVqu+Bi/ uv:/ v
Q A\Iy r

The parameters are :
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An example

Thermal fin problem

a(u, v; ) ::/kVqu+Bi/ uv:/ v
Q A\Iy r

The parameters are :
@ the conductivities k;,i =1, ..,4
@ the dimensions L and t
@ the Biot number Bi
@ The design space is D = [0.1,10]* x [0.01,1] x [2,3] x [0.1,0.5]
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An example

... and its approximation

We choose randomly N points in the design space D
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An example
... and its approximation

We choose randomly N points in the design space D
and compute the solutions for these points by a finite element method

(say).
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An example
... and its approximation

We choose randomly N points in the design space D

and compute the solutions for these points by a finite element method
(say).

The reduced basis method is then implemented, from these solutions,
and the error on the averaged temperature at the foot of the fin is
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An example
... and its approximation

We choose randomly N points in the design space D

and compute the solutions for these points by a finite element method
(say).

The reduced basis method is then implemented, from these solutions,
and the error on the averaged temperature at the foot of the fin is

N 10 20 30 40 50
Error 1.610~" 1.61072 24103 7.210~* 3.110°*
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(say).

The reduced basis method is then implemented, from these solutions,
and the error on the averaged temperature at the foot of the fin is

N 10 20 30 40 50
Error 1.610~" 1.61072 24103 7.210~* 3.110°*

Note that even for N = 50 there are less than 2 points per parameter
direction, exponential convergence
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An example
... and its approximation

We choose randomly N points in the design space D

and compute the solutions for these points by a finite element method
(say).

The reduced basis method is then implemented, from these solutions,
and the error on the averaged temperature at the foot of the fin is

N 10 20 30 40 50
Error 1.610~" 1.61072 24103 7.210~* 3.110°*

Note that even for N = 50 there are less than 2 points per parameter
direction, exponential convergence

N appears rather not much dependent on the number of parameters,
actually N(d) << N(1)91l!
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e From the idea to the implementation
@ Black-Box implementation
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Black-Box implementation

In order to solve the reduced basis problems in real time, some
preliminary computations — off line — have to be made :
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In order to solve the reduced basis problems in real time, some
preliminary computations — off line — have to be made :

e e.g. the stiffness matrix A; ; := a(u(), u(1); 1)

Note that Q = UQ, hence : [ =304 fq,

Note also that through a change of variable, each integral over the Q,
can be written as a linear combinaison of [, !, 249V ang
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Black-Box implementation

In order to solve the reduced basis problems in real time, some
preliminary computations — off line — have to be made :

e e.g. the stiffness matrix A; ; := a(u(), u(1); 1)

Note that Q = UQ, hence : [ =304 fq,

Note also that through a change of variable, each integral over the Q,

can be written as a linear combinaison of [, !, 249V ang

f f18u8v

SO that the orlginal problem

/kVqu+Bi/ uv—/ v
Q OQ\T ry

can be rewritten as
P

> golm)ap(u,v) = £(v)

p=1
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Black-Box implementation

In order to solve the reduced basis problems in real time, some
preliminary computations — off line — have to be made :

e e.g. the stiffness matrix A; ; := a(u(), u(1); 1)

Note that Q = UQ, hence : [ =304 fq,

Note also that through a change of variable, each integral over the Q,

can be written as a linear combinaison of [, !, 249V ang

f f18u8v

SO that the orlginal problem

/kVqu+Bi/ uv—/ v
Q OQ\T ry

can be rewritten as
P

> golm)ap(u,v) = £(v)

p=1
e where the bilinear forms a, are parameter independent
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Black-Box implementation

The implementation is then simplified as
@ offline, the different ap((;, ¢;) are precomputed,
the ¢; := u(u;) being the reduced basis elements

@ online, the computation of the stiffness matrix requires only PN?
computations,
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The implementation is then simplified as

@ offline, the different ap((;, ¢;) are precomputed,
the ¢; := u(u;) being the reduced basis elements
@ online, the computation of the stiffness matrix requires only PN?
computations,
instead of A2, where N is the dimension of the finite element
basis.
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Black-Box implementation 2521 go(p)ap(u, v) = £(v)

The implementation is then simplified as

@ offline, the different ap((;, ¢;) are precomputed,
the ¢; := u(u;) being the reduced basis elements
@ online, the computation of the stiffness matrix requires only PN?
computations,
instead of A2, where N is the dimension of the finite element
basis.

A’J - ng ap CI:C]

@ online again the stiffness matrix is inverted in N3 operations
(direct inversion)
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Black-Box implementation 2521 go(p)ap(u, v) = £(v)

The implementation is then simplified as

@ offline, the different ap((;, ¢;) are precomputed,
the ¢; := u(u;) being the reduced basis elements

@ online, the computation of the stiffness matrix requires only PN?
computations,
instead of A2, where N is the dimension of the finite element
basis.

’A’J - ng ap CI:C]

@ online again the stiffness matrix is inverted in N3 operations
(direct inversion)
all the lengthy computations are thus done offline and the ones
that are done online scale with N only
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e From the idea to the implementation

@ Error Estimates
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Error Estimates
outputs

Most of the time, the complete knowledge of the solution of partial
differential equation is not required.
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Error Estimates
outputs

Most of the time, the complete knowledge of the solution of partial
differential equation is not required.
e.g., assume you have the following problem : find v € X

a(u,v;p)=<f,v> VvelX

What is required, generally, is outputs computed from the calculated
solution :

Y. Maday ( UPMC, Labo J.-L. Lions) Algorithmes gloutons 10 nov. 2008 52/63



Error Estimates
outputs

Most of the time, the complete knowledge of the solution of partial
differential equation is not required.
e.g., assume you have the following problem : find v € X

a(u,v;K)=<f,v> VvelX

What is required, generally, is outputs computed from the calculated
solution :

Y. Maday ( UPMC, Labo J.-L. Lions) Algorithmes gloutons 10 nov. 2008 52/63



Error Estimates
outputs
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e.g., assume you have the following problem : find v € X

alu,v;X)=<f,v> VveX

What is required, generally, is outputs computed from the calculated
solution :
¢ then compute the following output s = s(u)
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alu,v;X)=<f,v> VveX

What is required, generally, is outputs computed from the calculated
solution :

¢ then compute the following output s = s(u)

The discretization then proceeds : find us € X;s

a(us,vs) =< f,vs >, VYvs e Xs
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Error Estimates
outputs

Most of the time, the complete knowledge of the solution of partial
differential equation is not required.
e.g., assume you have the following problem : find v € X

alu,v;X)=<f,v> VveX
What is required, generally, is outputs computed from the calculated
solution :

¢ then compute the following output s = s(u)
The discretization then proceeds : find us € X;s

a(us,vs) =< f,vs >, VYvs e Xs

and the approximated output is given by ss = s(uj)
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Error Estimates

a priori convergence

How valid is the approximated output s; = s(uj)
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Error Estimates

a priori convergence

How valid is the approximated output s; = s(uj)
Assuming Lipschitz condition (ex. linear case) over s, it follows that

|s — 85| < c|lu— us||x
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Error Estimates

a priori convergence

How valid is the approximated output s; = s(uj)
Assuming Lipschitz condition (ex. linear case) over s, it follows that

s — 85| < cllu— usl|x

Thus any information over the error in the energy norm will allow to get
verification.
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Error Estimates
a priori convergence

How valid is the approximated output s; = s(uj)
Assuming Lipschitz condition (ex. linear case) over s, it follows that

s — 85| < cllu— usl|x

Thus any information over the error in the energy norm will allow to get
verification.
Actually it is well known that the convergence of s; towards s most

often goes faster
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Error Estimates

a priori convergence

The convergence of s; towards s most often goes faster cin......
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Error Estimates

a priori convergence

The convergence of s towards s most often goes faster ctn......
Let us assume we are in the linear output case.... s(u) = ¢(u)
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Error Estimates
a priori convergence

The convergence of s; towards s most often goes faster cin......
Let us assume we are in the linear output case.... s(u) = ¢(u)

It is standard to introduce then the adjoint state, solution of the
following problem : find v e X

a(v,v)=—Lv), YveX

Y. Maday ( UPMC, Labo J.-L. Lions) Algorithmes gloutons

10 nov. 2008



Error Estimates
a priori convergence

The convergence of s; towards s most often goes faster cin......
Let us assume we are in the linear output case.... s(u) = ¢(u)
It is standard to introduce then the adjoint state, solution of the
following problem : find v e X

a(v,v)=—Lv), YveX

The error in the output is then

Ss—8s =/L(us)—¢(u)
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Error Estimates
a priori convergence

The convergence of s; towards s most often goes faster cin......
Let us assume we are in the linear output case.... s(u) = ¢(u)
It is standard to introduce then the adjoint state, solution of the
following problem : find v e X

a(v,v)=—Lv), YveX

The error in the output is then

Ss—8s =/L(us)—¢(u)
= a(u,v) — a(us, ¥)
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Error Estimates
a priori convergence

The convergence of s; towards s most often goes faster cin......
Let us assume we are in the linear output case.... s(u) = ¢(u)

It is standard to introduce then the adjoint state, solution of the
following problem : find v e X

a(v,v)=—Lv), YveX

The error in the output is then

ss—s ={(us) —¢(u)
a(u,v) — a(us, ¥)
a(u, v — ¢s5) — a(Us, v — ¢s), s € Xs
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Error Estimates
a priori convergence

The convergence of s; towards s most often goes faster cin......
Let us assume we are in the linear output case.... s(u) = ¢(u)
It is standard to introduce then the adjoint state, solution of the
following problem : find v e X

a(v,v)=—Lv), YveX

Remember a(u, ¢;5) = a(us, 5) = (f, b5)
The error in the output is then

U(us) — £(u)
a(u, ) — a(us, )
a(u,y — ¢s) — a(Us, v — ¢s), o5 € Xs

Ss— S
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Error Estimates
a priori convergence

The convergence of s; towards s most often goes faster cin......
Let us assume we are in the linear output case.... s(u) = ¢(u)

It is standard to introduce then the adjoint state, solution of the
following problem : find v e X

a(v,¢y)=—-4v), VveX

Remember a(u, ¢;5) = a(us, 5) = (f, b5)
The error in the output is then

=a(u
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Error Estimates
a priori convergence

The convergence of s; towards s most often goes faster cin......
Let us assume we are in the linear output case.... s(u) = ¢(u)

It is standard to introduce then the adjoint state, solution of the
following problem : find v e X

a(v,¢y)=—-4v), VveX

Remember a(u, ¢;5) = a(us, 5) = (f, b5)
The error in the output is then

Ss;—S =AL(us)—¢(u)
= a(u, ) — a(us, 1)
= a(u,y — ¢s) — a(us,y — ¢s5), Vo5 € X5 (12)
= a(u — us, v — ¢5), Vos € Xs
< cllu— us|x|lv — osllx, Yos € Xs
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a priori convergence

The convergence of s; towards s most often goes faster cin......

Ss— 8 <cllu—us|xllv—dslx, Yos € Xs (13)
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Error Estimates
a priori convergence

The convergence of s; towards s most often goes faster citn

Ss— 8 <cllu—us|xllv—dslx, Yos € Xs (13)

so that the best fit of ¢ in X5 can be chosen to improve the first error
bound that was proposed for |s — s;|.
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Error Estimates
a priori convergence

The convergence of s; towards s most often goes faster citn

Ss— 8 <cllu—us|xllv—dslx, Yos € Xs (13)

so that the best fit of ¢ in X5 can be chosen to improve the first error
bound that was proposed for |s — s;|.

For instance if ;5 is the solution of the Galerkin approximation to v/, we
get

|s — ss| < cllu — usixlv — slix
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Error Estimates
a priori convergence

The convergence of s; towards s most often goes faster citn

Ss— 8 <cllu—us|xllv—dslx, Yos € Xs (13)

so that the best fit of ¢ in X5 can be chosen to improve the first error
bound that was proposed for |s — s;|.

For instance if ;5 is the solution of the Galerkin approximation to v/, we
get

|s — ss| < cllu — usixlv — slix

But this is just a prioribusiness .........
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The basic error reconstruction

In order to get a posteriori information, between ¢(uy,) and ¢(us), we
have to get a hand on the residuals in the resolution (in Xjs) of the
primal and dual problems. We introduce for any v € X,

RP(v; ) = a(us, vi p)— < F,v >, RU(v;p) = a(v,s; 1) + £(v).
Let us now compute the reconstructed errors associated to the
previous residuals. These are the solutions to the following problems

2@/Véhpr(d”)VVh =RPW) (v, 1), Vv,

we then have
Theorem Let s~ = s; — a [ V(&P + &,” )2 then s~ < s,

Sh—8S = |Sh—85’

How to transform to a do-able method ??
Black Box again

Y. Maday ( UPMC, Labo J.-L. Lions) Algorithmes gloutons 10 nov. 2008



e From the idea to the implementation

@ Selection of the parameters of the reduced basis
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Selection of the parameters of the reduced basis

One possibility is to use a random approach.... and hope for the best....

..... generally it works not so badly.
But a more intelligent way can be proposed....

... based on a greedy process that combines the reduced
approximation and the error evaluation.

@ take a first parameter (randomly)

@ use a (one dimensional) reduced basis approach over a set of
parameter values (chosen randomly) and select, as a second
parameter, the one for which the associated error is the largest.

this gives now a 2 dimensional reduced basis method.

@ use this (2 dimensional) reduced basis approach over the same
set of parameters and select, as a third parameter, the one for
which the associated error is the largest.

this gives a 3 dimensional reduced basis method...
@ and proceed...
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Rational in front of a new problem

When you will come back home....
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Rational in front of a new problem

When you will come back home.... does your problem fits with RB
approximations....
.... try step by step.

Y. Maday ( UPMC, Labo J.-L. Lions) Algorithmes gloutons 10 nov. 2008 59/63



Rational in front of a new problem

When you will come back home.... does your problem fits with RB
approximations....
.... try step by step.

@ check that your problem is parameter dependant
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Rational in front of a new problem

When you will come back home.... does your problem fits with RB
approximations....
.... try step by step.
@ check that your problem is parameter dependant
@ compute 100 solutions
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Rational in front of a new problem

When you will come back home.... does your problem fits with RB
approximations....
.... try step by step.
@ check that your problem is parameter dependant
@ compute 100 solutions with your favorite method !!!
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Rational in front of a new problem

When you will come back home.... does your problem fits with RB
approximations....
.... try step by step.
@ check that your problem is parameter dependant
@ compute 100 solutions with your favorite method !!!
@ perform a PCA and check the eigenvalue decrease
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Rational in front of a new problem
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When you will come back home.... does your problem fits with RB
approximations....
.... try step by step.
@ check that your problem is parameter dependant
@ compute 100 solutions with your favorite method !!!
@ perform a PCA and check the eigenvalue decrease
@ perform a Galerkin approximation

@ try to find good parameters through projection and perform a
Galerkin approximation
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Rational in front of a new problem

When you will come back home.... does your problem fits with RB
approximations....
.... try step by step.
@ check that your problem is parameter dependant
@ compute 100 solutions with your favorite method !!!
@ perform a PCA and check the eigenvalue decrease
@ perform a Galerkin approximation

@ try to find good parameters through projection and perform a
Galerkin approximation

@ and proceed...
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Close the circle

@ The Black Box Approach allows real time solution procedure
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Close the circle

@ The Black Box Approach allows real time solution procedure

@ Valid only for linear problem

@ atleastasitis.

@ The use of magic points allows to tackle non linear problem

@ Real life problems are non linear... with non constant coefficients
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Nonlinear approximation for high-dimensional partial

differential equations

—AU(X,y) = f(Xay)
with homogeneous Dirichlet boundary conditions
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Nonlinear approximation for high-dimensional partial
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with homogeneous Dirichlet boundary conditions
Solution

. 1
g:argmlnueHa(Q)2/|Vu‘2_/fU
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Nonlinear approximation for high-dimensional partial

differential equations

—AU(X,y) - f(Xay)

with homogeneous Dirichlet boundary conditions
Solution

. 1
g:argmlnueHa(Q)2/|Vu‘2_/fU
1 2 1 2 1 2
ew =1 [Ivue- [w=1 [wu-gr-1 [ivg

u= Zrn(x)sn(}’)
n=1
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Nonlinear approximation for high-dimensional partial

differential equations

—AU(X,y) - f(Xay)

with homogeneous Dirichlet boundary conditions
Solution

. 1
g:argmlnueHa(Q)2/|Vu‘2_/fU

ew =g [Ivup- [w=5 [Ivw-gP - [1vgP
u= Z"n(x)sn(}’)
n=1

Extension to high dimension straightforward

Y. Maday ( UPMC, Labo J.-L. Lions) Algorithmes gloutons 10 nov. 2008



Nonlinear approximation for high-dimensional partial

differential equations

u= Zrn(X)Sn(Y)
n=1
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Nonlinear approximation for high-dimensional partial

differential equations

u=>_ra(x)sn(y)
n=1

pure greedy
orthogonal greedy
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That’s all folks
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That’s all folks

Thanks !

Y. Maday ( UPMC, -L. Li Algorithmes gloutons 10 nov. 2008 63/63



	Motivation
	Background
	Approximation in a space of small n-width

	Definition of the empirical interpolation procedure
	The magic points
	Application to polynomial interpolation

	Reduced Basis Method
	Framework of the approach
	Parameter dependent problems
	An example

	From the idea to the implementation
	Black-Box implementation
	Error Estimates
	Selection of the parameters of the reduced basis


