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This paper evaluates the welfare gains arising from deeper trade integration in the European
Monetary Union. To do this, the European Monetary Union is represented in a realistic
way by an intertemporal general equilibrium model with incomplete financial markets,
sticky prices, and home bias in production. The model is estimated and not rejected by the
data. Two main results emerge: (i) an increase in vertical trade (occuring at the early stage
of the production process) implies welfare gains whereas (ii) an increase in horizontal
trade (occuring at the late stage of the production process) implies welfare losses.
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1. INTRODUCTION

This article investigates the welfare effects of deeper horizontal or vertical trade
integration in the European Monetary Union (EMU). In this article, trade occurs
along with a three-stage production process: intermediate goods, consumption
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2 STEPHANE AURAY ET AL.

goods, and retail goods. Vertical trade integration thus refers to the trade of in-
termediate goods triggered by consumption goods producers and horizontal trade
integration refers to the trade of consumption goods triggered by retail goods
producers. Independent of its long—run consequences, welfare gains of trade in-
tegration usually rest upon the increased correlation of business cycles and the
improved overall adequacy of the common monetary policy to national situations.
This paper shows that the impact of trade integration is more contrasted when it
is assumed that financial markets are incomplete and imperfectly integrated.

We lay out an estimated two-country DSGE model of the EMU that accounts for
the imperfect integration of both goods and financial markets. As in Ricci (1997),
the model encompasses real and monetary arguments for the costs of conducting a
single monetary policy in a monetary union characterized by business cycle asym-
metries and inflation differentials. Indeed, the model features home bias in private
consumption and production technology, incomplete and imperfectly integrated
private financial markets, Calvo-type sticky prices, and i.i.d. productivity and pub-
lic spending shocks. These assumptions are also set up to be consistent with the
current economic situation of the EMU, characterized by persistent asymmetries
in business cycles and significant inflation differentials [see Camacho et al. (2006)
and Lane (2006) for discussions].

In this tractable framework, productivity and public spending shocks imply
asymmetries in business cycles and inflation differentials that cannot be addressed
by the central bank of the monetary union. These business-cycle asymmetries and
inflation differentials translate into welfare costs, building on two main sources:
nominal inertia and imperfect risk sharing combined with a costly access to fi-
nancial markets. The role of nominal inertia in a monetary union, as well as
means to reduce the associated costs, has already been extensively studied in the
literature [see among others Benigno (2004); Beetsma and Jensen (2005), and
Gali and Monacelli (2008)]. Less attention has been paid to welfare losses related
to imperfectly integrated financial markets in a monetary union. In line with Carré
and Collard (2003), we show that imperfect risk sharing crucially affects the
welfare costs of business-cycle asymmetries and the size, sign, and structure of
welfare gains generated by trade integration.

First, we show that an increase of horizontal or vertical trade integration in-
creases the correlation of business cycles through an increase of mutual trade
flows. The overall adequacy of the common monetary policy to national situations
is thus clearly improved. The volatility of national inflation rates decreases, which
significantly increases the aggregate welfare in the monetary union.

Second, vertical and horizontal trade have opposite effects on the pattern of
external adjustment to asymmetric shocks. Vertical trade integration reduces the
overall need for external adjustment, that is, the volatility of the current account,
whereas horizontal trade increases it. Because financial markets are incomplete
and imperfectly integrated, a higher (respectively lower) volatility of the current
account increases (respectively decreases) the welfare costs related to the imperfect
integration of financial markets and imperfect risk sharing.
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The result builds on the following mechanism. Under incomplete markets,
changes in the current account result in more persistent changes in the net foreign
asset position and thus imply wealth transfers between countries, which affects
not only the relative supply of labor in countries but also the relative demand for
goods and thus relative prices. Wealth transfers implied by larger fluctuations in net
foreign assets (or equivalently the current account) thus trigger increased business-
cycle asymmetries (private consumption, labor supply) that lead to welfare losses.
In our framework, vertical integration affects home bias at a stage of production
earlier than the sticky price level, whereas horizontal integration affects home bias
at a production stage later than the sticky price level. In the context of incomplete
financial markets, vertical and horizontal trade integration thus impact differently
on the volatility of the current account, which results in different welfare outcomes.
Under complete markets, a similar change in the volatility of the current account
does not have the same impact because there is no wealth transfer across countries
affecting relative labor supplies and relative prices. To study the role of incom-
plete financial markets, we solve the model with perfect risk sharing. We show that
under complete asset markets, both horizontal and vertical trade integration yield
welfare gains. These gains are related to the drop of national inflation rate volatil-
ities. Financial market incompleteness thus appears to be a crucial assumption in
determining the welfare effects of horizontal and vertical trade integration.

Quantitatively speaking, we highlight that vertical trade integration leads to
important welfare gains for the whole range of possible parameters of the model.
In the baseline estimates, we show that a 10% increase of vertical trade implies
an average welfare gain equivalent to a 7.67% rise of permanent consumption for
constant labor effort.! On the other hand, horizontal trade generates welfare losses
under incomplete financial markets and welfare gains under complete financial
markets. In the baseline estimation under incomplete financial markets, a 10%
increase in horizontal trade implies an average welfare loss equivalent to a 2.03%
drop in permanent consumption. A sensitivity analysis shows that horizontal trade
can lead to welfare gains even under incomplete financial markets. Under complete
financial markets, a 10% increase in horizontal trade implies an average welfare
gain equivalent to a 6.12% rise in permanent consumption, close to the welfare
gains reported when vertical trade integration increases. Finally, the welfare gains
caused by a 10% joint increase in both vertical and horizontal trade integration
reach 7.45% under incomplete financial markets and 10.50% under complete
financial markets.

Two main results emerge, therefore. In a monetary union where financial mar-
kets are incomplete, prices are sticky, and there is home bias in production at
different production stages, an increase in vertical trade implies welfare gains
whereas an increase in horizontal trade implies welfare losses.

The remainder of the paper is organized as follows. Section 2 describes a two-
country model of a monetary union. Based on EMU data, Section 3 provides
estimates for the structural parameters of the log-linear approximation of the
model. The dynamic properties of the model are analyzed in Section 4. Section 5
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4 STEPHANE AURAY ET AL.

provides an extensive welfare analysis of an increase in trade integration and
presents some sensitivity analysis. A last section offers some concluding remarks.

2. A TWO-COUNTRY MONETARY UNION

The model describes a two-country world with a common currency. Each na-
tion represents half of this monetary union. Each country is populated by a unit
continuum of infinitely lived households, a government, and three types of firms
producing respectively intermediate, consumption, and retail goods. Monetary
policy is delegated to the central bank of the monetary union, which controls the
interest rate. The international financial market is incomplete and agents trade
only one-period composite bonds.”

2.1. Households and National Governments

The representative household j € [0, 1] of nation i € {h, f} maximizes a welfare

index,
S Ci N1—0o Ni NER
ZﬂtEO{ t(]) . t(]) }’ )
=0

l1—0o 1+
subject to
Bl ()) = ReB{(j) = W N[ () + TT(j) = P[C{(j) = T} (j) = P, AC[(j) (2)
and the transversality condition

Jlim 7 RE {B], ()} =0.

In equation (1), the subjective discount factor, 8, is equal to (1 + 8!, o is the
intertemporal elasticity of substitution of private consumption, and v is the inverse
of the Frisch elasticity. The aggregate consumption bundle of agent j in country
i is called C!(j) and the quantity of labor that this agent supplies on the labor
market, N/ (j). Money holdings are not introduced in the utility function because
the money market plays no role in the dynamics when the nominal interest rate is
the monetary policy instrument [see Beetsma and Jensen (2005)].

In equation (2), B () is the amount of one-period nominal bonds hold by the
representative agent of country i at the end of period + — 1, which pays a gross
nominal rate of interest R, between periods + — 1 and ¢. The price index of retail
goods (which corresponds to the CPI) in country i is called P,i, whereas P;; is the
price of consumption goods (that corresponds to the PPI) in country i. W/ is the
nominal wage in country i in period #, [T/ (j) = fol Ii (k, j)dk is the amount of
profits paid by monopolistic consumption goods producers, and 7" (j) is a lump-
sum transfer. Finally, in the budget constraint, AC!(j) is a quadratic portfolio
adjustment cost that households have to pay to financial intermediaries to access
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THE WELFARE GAINS OF TRADE INTEGRATION IN THE EMU 5
financial markets. The cost is defined according to
i X i . i 12
ACI()) = b} (B, (j))—B' ()],

where B’ (j) is the steady state level of net foreign assets. The Euler condition that
solves equations (1) and (2) is affected by portfolio adjustment costs because

BRi: A BRI
i . P t i i o 2
1+XPl,f(B;+1(J)_BI(J)) P[Jr]C[Jr](])

(&)

The portfolio adjustment cost parameter () affects the sensitivity of net foreign
assets/liabilities to variation of the interest rate, as it becomes more or less costly
to smooth consumption by accessing financial markets. For instance, when x
decreases, it is less costly for the households to access the financial markets. The
labor supply function is based on traditional consumption/leisure arbitrage,

) . Wi
N/ (HYCl(j) = 7§. @

2.2. Governments

Governments choose the amount of public spending and balance their budgets
using lump-sum transfers. The budget constraint of the government is given by

1 1
/ TiG)dj + © / PL(®Y! () dk = P, G,
0 0

where 7 is a proportional subsidy to firms. Mixing monopolistic competition and
Calvo staggered price contracts on consumption goods markets introduces several
distortions with respect to the Pareto-efficient equilibrium. Nominal rigidities
imply inefficient fluctuations of both equilibrium inflation and output, whereas
the assumption of monopolistic competition affects the steady state. Although
monetary and/or fiscal policy may address the first issue, an optimal subsidy 7 is
able to address the second issue and restores the first-best allocation in the steady
state [see Benigno and Woodford (2005)].

National public spending is biased toward national consumption goods; that is,

7]
1 =
G = U Gik)T dk} ,
0
where the level of aggregate public spending evolves according to
Gl = (1= p)G' +p, G+l i1

and where ¢, , is an i.i.d. innovation.
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6 STEPHANE AURAY ET AL.

2.3. Firms

The production of consumption goods is a three-stage process: (i) intermediate
goods producers make use of national labor and sell their products on competitive
markets, (ii) consumption goods producers combine domestic and foreign inter-
mediate goods and sell their products on monopolistic competition markets while
facing Calvo pricing contracts, and (iii) retailers combine domestic and foreign
varieties of consumption goods and sell their products on competitive markets.

Intermediate goods producers. First, in each country i, a continuum of iden-
tical firms (normalized to one) produce an intermediate good and sell it on a
competitive market. The production function of these firms is given by

Xi=AL

1 g

where L! is the labor demand and A! is the level of labor productivity, evolving
according to

Al == p A + p, AL+ Ll

and where ¢’ , is an i.i.d. innovation.
Intermediate goods are sold at their marginal cost W/ / Al and intermediate terms
of trade are?

_wlaAl
w)/Al

t

Consumption goods producers. Second, intermediate goods are traded within
the monetary union and combined by monopolistic consumption goods producers
k € [0, 1]. The production function of consumption goods producer k located in
country i is

b
-1

Y = [ =) X, (05 + )Xy, (0% |7 )

In this expression, X;'M(k) is the demand for intermediate goods produced in
country & of firm k located in country i. The parameter (1 — y;) € [0, %] is the
home bias in the production of consumption goods. In the production function
(5), ¢ is the elasticity of substitution between intermediate goods. The companion
nominal marginal cost of firm k in country i, M C! (k), is given by

1
1-¢

MC () = MC) = | (1 =y (W/AD)™ + v, (W /al) ™|
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THE WELFARE GAINS OF TRADE INTEGRATION IN THE EMU 7

As a consequence, optimal demands for intermediate goods from a consumption
goods producer k located in country i are

) Wh Ah —¢ ) ) Wtf Atf —¢ )
X (k) =0-y)) [AI/I—/C’t] Yi k), X5, (k) =y, |:M—/C’ Yy (k).

Consumer goods prices are governed by standard Calvo contracts. Each period,
only a fraction (1—7") of randomly selected firms located in country i € {h, f} are
allowed to set new prices. Assuming that firms do not discriminate among markets
they address, these firms choose the following optimal price P;,(k) according

to
[e.¢] 2 .
i v Yt’+v(k)Mcr‘+v }
6 LA E; { Bl ()

5 11 5

1 it (‘C) T Y EF )
2 ) 16 v E { ] ®) }
i - - ANk
z :(‘; ) f R'+vcf+v(j)

Aggregating among consumption goods producers and assuming behavioral sym-
metry, the average price level of consumption goods in country i € {h, f}
is
v . R
Pio=[(1=n")Pis () "~ + 0" P]
Finally, consumption goods terms of trade in the monetary union are defined as*

P
S[ = _fYt .
P h,t
Retail goods producers. Third, in each country i, a continuum of identical
firms (normalized to one) produce retail goods using domestic and foreign con-
sumption goods according to the production function

"

6(u—1) o(u=1) n—1

i 1 ' ) 6-1 ne-1n ot L o4 w@=T)
Z, = A —a)r U Y (k)ﬂdk] +af U 127 (k)*’dk}
0 0

and sell them on perfectly competitive markets at the price

1
—

1—p 1—p m

1 = 1 0
Pl = (l—ai)[/ Ph,,(k)19dk] +a; [/ R,-,f(k)”’dk}
0 0

In this expression, Y,’;J(k) is the demand for consumption goods produced in
country i by the retail goods producers located in country i. The parameter
(1 —a;) € [0, %] is the home bias in the production of retail goods, 6 > 1 is
the elasticity of substitution among national differentiated varieties of consump-
tion goods, and u is the elasticity of substitution between domestic and foreign
consumption goods.
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8 STEPHANE AURAY ET AL.
Optimal consumption goods demands from the retail sector located in country

i are therefore
; P )1 TP T,
Y/ (k):(l—oc,»)[ : —_— AR
h,t Ph,[ Ptl t

: P )1 TP, T .
Y}t<k>=a,-[f"”} [L} zi
’ Py, P/

It has now become standard to consider home bias parameters as relevant measures
of goods-market openness. Indeed, in the equilibrium, «; and y; are the shares of
imported goods in the production of consumption and retail goods, respectively
[see Gali and Monacelli (2005) and Corsetti (2006)]. In the remainder of the
paper, we thus consider «; and y; directly as parameters measuring horizontal and
vertical trade openness.

2.4. Monetary Policy

A common central bank controls the nominal interest rate within the monetary
union,

R =0 —p)R+p.R +¢(n) —n"),

where 7 = iz + 1x/ and xi = P//P] . This rule is commonly used in
the literature [see among others Taylor (1993), Clarida et al. (1998, 1999), and
Rudebusch and Svensson (1998)]. Furthermore, it is a fair approximation of the
monetary policy of the European Central Bank with respect to its mission, that
is, the stabilization of aggregate inflation in the EMU. Finally, a large empirical
literature highlights the smoothness of the nominal interest rate variations in the
euro area [see among others Peersman and Smets (1999) and Gerlach and Schnabel
(2000)].

2.5. Market Equilibrium

We solve the model assuming that each country is the mirror image of the other
on the goods market. Posing o, = o and y, = y, we simply getay = 1 — « and
Yy =1 —y. We also define the aggregate output as

1 727
Y/ = [/0 Y (k)T dk} .

A competitive equilibrium is defined as a sequence of quantities,

Q)2 =1{ct c/ N N/ Y Y]zl z) Lt L Bt B, Acth, Ac] ),
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THE WELFARE GAINS OF TRADE INTEGRATION IN THE EMU 9

and a sequence of prices,
P2y = {Phik), Pri(k), Pus, Pro, Pl PS W W R},

such that

(i) For a given sequence of exogenous shocks {S,}72, = {Aﬁ’, A,f s Gﬁ’, G,f } and prices
(P }2o, {Qi )72, respects households’ first-order conditions and maximizes the profits
of intermediate, consumption, and retail goods producers.

(ii) For a given sequence of shocks {S,};2, and quantities {Q,}72,, {P,};2, clears inter-
mediate goods markets,

WA ATV
h _ t t h t t f

t

—¢ -9
w/AS w//AS
X =0-y|—=-| v+ Ll

consumption goods markets,

vi=-a| P 2o [Pu] " 2 e

t Pl t P[f t 1
P, T P, ™ .

Y/ =1 - [—f;] Z/ +a [%’] Z' + G/,
P, P,

retail goods markets,
Cc =17,
labor markets,
1
Ni = f NiG)dj = L,
0
and financial markets,
1 1
/ B! (j)dj + / B/(jydj =0.
0 0
In the equilibrium, net foreign assets evolve as follows:
B, —B!'=(R, - 1) B +a(P/c/ - P'c])
+y(Mmc/y/DP/ —Mmcly!DP),

where DP/ is the dispersion of consumption goods production prices
in country i.

3. ESTIMATION

We estimate the log-linear version of the model using the simulated method of
moments (SMM) of Hansen (1982).5 In the symmetric competitive flexible price
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10 STEPHANE AURAY ET AL.

TABLE 1. Nominal rigidities in the EMU

% goods in the CPI changing % of country’s GDP
Region prices every month in the EMU GDP

Germany h 135 29.1
France f 23.9 21.6
Italy h 10.0 17.7
Spain h 13.3 11.0
Netherlands f 16.2 6.4
Belgium f 17.6 3.7
Luxembourg f 23.0 —

Finland f 20.3 2.0
Portugal f 21.1 1.8

steady state, we assume that A = A = 1 and that T = (I — )~ '. Other steady
state relations are given by

Y=, C=(1-K)77, G=x(1-x) 77,
N=(-k)7, W/P=1andR=p".

We use quarterly data from EMU countries (OECD Economic Outlook quarterly
database) subsequent to the German reunification, that is, from 1992 to 2006.
Aggregates are converted in the same currency and we focus on the follow-
ing seasonally adjusted series: GDP (without investment), private consumption,
employment, GDP deflator, trade balance, and current account balance (as a per-
centage of GDP). We also take into account the evolution of the average nominal
short-term interest rate in the EMU.

We build two regions based on the levels of nominal rigidities of EMU countries
[see Benigno (2004)]. Table 1 indicates the percentage of goods prices in the
consumer price index changing every month in EMU countries [data are borrowed
from Alvarez et al. (2006)]. We assume that countries in which less than 15%
of CPI goods prices change every month belong to the group with high nominal
rigidities and countries in which more than 15% of CPI goods prices change every
month belong to the group with low nominal rigidities. Consequently, in the first
group (region 4 in the model), we have Germany, Spain, and Italy, and in the
second group (region f in the model), we have all remaining countries.®

Once the two regions of the monetary union are defined, we aggregate series
given the relative time-varying weights of countries in terms of GDP in the region.
Inflation rates are computed using GDP deflators. Finally, we take the logs of GDP,
private consumption, and employment and detrend all series using the HP filter.
We estimate the model using a large sample of second-order moments. We focus
on three types of moments: standard deviations (absolute or relative to standard
deviation of output), first-order autocorrelations, and cross correlations. Standard
deviations and autocorrelations concern all variables and cross—correlations are
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TABLE 2. Estimated parameters

¥ o o v X n" n’ I

7.0776* 1.8111* 0.2675* 0.0509* 0.0009* 0.5023* 0.5024* 2.0344*
Pa Py std(¢,,)  std(¢,,) J-stat  Ov. 1d. Stat.  p-value
0.9525* 0.8862* 0.0079* 0.0099* 10. 0875 x2(16) 0.8035

*:99% significant.

those of output with private consumption, output with employment, and private
consumption with employment.

A first set of parameters of the model are not estimated. In particular, we set
B = 0.988, which corresponds to an annual real interest rate of 4.7%, consistent
with the average real interest rate over the corresponding period in the EMU.
Following Rotemberg and Woodford (1997), the elasticity of substitution between
varieties is @ = 7, implying an average 16—17% steady state markup (compensated
for at equilibrium by the optimal subsidy). The average share of public spending
in the GDP is set to k = 0.25 [see Gali and Monacelli (2008)]. The elasticity of
substitution between intermediate goods is ¢ = 1.5 [see Hairault (2002)]. Finally,
we calibrate parameters of the nominal interest rate rule using standard values for
the smoothing parameter p, = 0.7 and for the feedback coefficient on aggregate
inflation ¢ = 1.5 [see Gerlach and Schnabel (2000)].

Other parameters are estimated. The results of the estimation are reported in
Table 2.

The test allowed by overidentifying conditions implies a 0.8035% p-value,
which indicates that the model is not rejected by the data. Parameter values are
consistent with most estimates or calibrations reported in the literature and are
significant. The inverse of the Frisch elasticity v is equal to 7.08 and lies on
the upper bound of the range put forth by Canzoneri et al. (2007). This value
is consistent with a sluggish response of labor supply to various shocks in the
EMU. The intertemporal elasticity of substitution of private consumption is o =
1.81, close to standard values [see Benigno (2004)]. This parameter governs
both the intensity of the transmission of monetary policy through the sensitivity
of consumption to the real interest rate and the arbitrage between leisure and
consumption. Home bias parameters are y = 0.051 and o = 0.27 and determine
the degree of trade openness of intermediate and consumption goods markets.
These values are consistent with those found in Faia (2007) and with standard
openness measures calculated using EMU data. The estimate of x = 0.0009 is
not far from that of Schmitt-Grohé and Uribe (2003). It implies that households
have to pay an average annual 0.36% interest rate premium to access financial
markets. Nominal rigidity parameters are very close because n" = 0.5024 and
n/ = 0.5023. Our estimate is lower than usual estimate but matches the values put
forth by Alvarez et al. (2006). Finally, parameters governing shocks’ processes

N
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FIGURE 1. IRFs to a unit productivity shock in country /.

are p, = 0.9525, p, = 0.8862, std(¢, ;) = 0.79%, and std(¢, ,) = 0.99%. These
estimations are consistent with most values found in the RBC literature.

4. DYNAMIC PROPERTIES

In this section we study the dynamic properties of the economy when facing
asymmetric productivity and public spending shocks. Figure 1 plots the impulse
response functions (IRFs) to a positive unit productivity shock in the home country.
Output rises in both countries, although more substantially in country /4, peaking
at 0.7% for a 1% productivity shock. In country %, the remaining productivity
gains are used to reduce the labor effort, about 0.25% on impact. This effect arises
because the wealth effect dominates in models with separable utility functions and
without physical capital. The wealth effect is reinforced by the 0.17% drop of PPI
inflation in the home country.

The transmission of the shock in country f draws both on trade flows and
monetary policy. Although agents in country 4 sustain higher production and
consumption levels, they generate intermediate and consumption goods trade
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FIGURE 2. IRFs to a unit public spending shock in country /.

flows within the monetary union, which induces a positive reaction of the output
in country f by about 0.3% on impact. The common monetary policy also favors
a positive transmission. Reacting to aggregate inflation, the central bank lowers
its nominal interest rate, which induces an increase of aggregate consumption and
output in country f. The supply shock in country & thus translates into a positive
demand shock in country f, which generates some PPI inflation, peaking at 0.12%
on impact and returning quickly to the steady state.

Because marginal costs and production prices drop in country z and rise in
country f, the reaction of both intermediate and consumption goods terms of
trade is positive (terms of trade decrease in country  and increase in country f).
Consumer goods prices are sluggish, which implies an undershooting of consump-
tion goods terms of trade with respect to the response of intermediate goods terms
of trade. Finally, agents in country 4 accumulate net foreign assets, reflecting an
important wealth transfer and implying an increase of the current account roughly
peaking at 15% of steady state consumption on impact. Figure 2 plots the IRFs to
a positive unit public spending shock in the home country.

N
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Output increases by 0.15% on impact in country 4, implying a rise in both home
and foreign labor supply, required to sustain the quantity of consumption goods
demanded in country A. Private consumption drops steadily in both countries. The
drop reaches 0.13% in country &, because of the crowding-out effect. The drop
is more gentle in country f, reaching 0.08% on impact. Because global demand
drops in country f, output clearly falls by 0.07% on impact, although it returns
very quickly to the steady state. Mechanisms behind the negative transmission of
a public spending shocks in country & are twofold. First, the traditional beggar-
thy-neighbor effect—reinforced by home bias in public spending—favors a neg-
ative transmission. Second, the transmission also relies (i) on the fall of private
consumption in country /4, implying a drop in country 4 imports from country f,
and (ii) on the increase of the nominal interest rate implied by the reaction of the
central bank to the aggregate inflation. The positive demand shock in country h
thus translates into a negative demand shock in country f.

External adjustment implies a negative response of consumption goods and
intermediate terms of trade (terms of trade increase in country /# and decrease
in country f) and an accumulation of net foreign liabilities in country h. The
corresponding deficit of the current account peaks at 4.5%—-5% of steady state
consumption on impact.

The IRFs based on our estimations both qualitatively and quantitatively match
those obtained by Smets and Wouters (2003), based on area-wide Bayesian es-
timations. The productivity shock implies an increase in both output and private
consumption, associated with a drop of aggregate inflation and the nominal in-
terest rate. Interestingly and in line with Gali (1999), Smets and Wouters (2003)
find that both employment and labor fall after a productivity shock. Our estimation
confirms their result both in terms of sign and magnitude (about —0.25%). Finally,
just as according to Smets and Wouters (2003), our IRFs after public spending
shocks display a moderate increase of output, a drop of private consumption, and
a weekly persistent increase of the aggregate inflation, which triggers an increase
in the nominal interest rate.

5. THE WELFARE GAINS OF TRADE INTEGRATION

In this section, we measure the welfare gains arising from a deeper horizontal or
vertical trade integration in the monetary union.

5.1. Welfare Indicators

We built an explicit welfare indicator on a second-order approximation of the
aggregate utility function. The welfare measure can be expressed as a discounted
sum of utility flows,

0= _‘51 ;Ma {€,} + tip. + O(IE3),
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where g = (1 — k)2 1=¥)/W+) i p. gathers terms independent of the problem,
and O(||&3|)) are terms of order three or higher. In this expression, the instant
welfare contribution ¢, is a quadratic function of deviations of key economic
variables from their natural equilibrium path,’

o—i-lp(l—/c)( u_~u)2
1—« Vi Vi
+ (=)o (5 =57+, (0 —F) 40 (=) (cf =)

+ () = 7)°, ©

where k' = (1 —#'8)(1 — n')/n'. In equation (6), a tilde denotes the path of
variables in the natural equilibrium, defined as the equilibrium under flexible
prices and complete and perfectly integrated asset markets. Superscripts # and r
respectively stand for aggregate and relative variables.

The welfare measure w penalizes national PPI inflation rates, the aggregate
output gap, the relative consumption gap, the relative hours gap, and terms-of-trade
gaps. The weights assigned to national inflation rates are sensitive to the degree of
price stickiness through the values of k. Parameter k' depends negatively on the
degree of price rigidities, so that higher weights are given to inflation rates when
prices are stickier.

Arguments of our loss function directly relate to other microfounded loss func-
tions, such as those derived by Benigno (2004) or Beetsma and Jensen (2005).
In particular, consistency with the assumptions made by Benigno (2004) requires
setting y = 0, o« = % implying ¢/ = c,f = ¢; and u = 1. The equilibrium of
consumption goods markets then implies

~ 0 ~
(T, — 7Th,t)2 + _(ﬂf,t - 7Tf,t)2 +

)
! 2kf

T

)

ng—n; =y =y = : (s: =57 @)
and
=F=0-x)(d-2). )]
Using (7) and (8), ¢, becomes
l =2 ,—%h,>2+i(mz—ﬁf,)2+a (" =)Vt (s —5)% )
o Dkh ’ ’ 2k & ! ! ‘
where

_ -0 d+yd-x)
1 .

b=(l-K)o+v(1—k), £

Arguments and the value of coefficients of (9) are then exactly those of the loss
function of Benigno (2004). We then compute the consumption equivalent welfare
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FIGURE 3. IRFs to a unit productivity shock in country A~—black line: baseline; blue line:
after horizontal trade integration; red line: after vertical trade integration.

loss. As in Beetsma and Jensen (2005), W is defined according to
1

.y :
=0 +vd—0] _“’0)} ; ao

‘-Il=100-{

where wo measures the welfare for a given reference situation. W converts the
welfare gains associated with a Pareto-superior equilibrium @; into a sizable
yardstick in terms of permanent increase of consumption for an unchanged labor
effort.

5.2. Baseline Scenario

Before getting more deeply into the results, we first describe the impact of an
increase of trade integration on the external adjustment after asymmetric shocks.®
Basically, Figures 3 and 4 show how trade integration affects the response of
intermediate and consumption goods terms of trade, as well as the dynamics of
the current account, respectively after a productivity shock and a public spending
shock.
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FIGURE 4. IRFs to a unit public spending shock in country 2—black line: baseline; blue
line: after horizontal trade integration; red line: after vertical trade integration.

Both figures show that an increase of « and y reduces the magnitude of terms-of-
trade adjustments, because quantities are more responsive to variations of terms of
trade [see Warnock (2003) and Coeurdacier (2008) for an extensive analysis]. As a
consequence, smaller fluctuations of terms of trade are needed to meet the external
equilibrium. Differences appear quite clearly, however, whether the increase of
trade integration is vertical or horizontal under incomplete financial markets. An
increase of vertical trade integration () triggers a sharp reduction in fluctuations
of both intermediate and consumption goods terms of trade, whereas an increase
of horizontal trade integration («) has little or no effect on intermediate terms
of trade but clearly reduces fluctuations of consumption goods terms of trade.
Another significant difference between trade integration patterns is the impact on
current account fluctuations. Whereas vertical trade integration is associated with
a reduction (or a very small increase) of current account fluctuations, horizontal
trade integration is found to increase the response of the current account, more
significantly in the case of productivity shocks. In a nutshell, whereas vertical
trade integration reduces the overall need for external adjustment, horizontal trade
integration has mixed effects on external adjustment conditions.

These first elements are then complemented by simulation results.® Using the
baseline estimation and simulating the model, Table 3 contrasts the welfare gains or

Q2
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TABLE 3. The welfare gains of a 10% deeper horizontal («) or vertical (y) trade
integration under incomplete financial markets

Standard deviation (%)

Y% Fw R W & & @ @
Baseline — 0.204 0.201 0.015 1.033 1.161 0.170 0.644
o = 1L.1ag (D —2.03 0.201 0.198 0.015 0990 1.151 0.174 0.653

a; = 11500 1)  —1.10 0200 0.197 0.015 0970 1.147 0.175 0.657
v, = 1.1y, (M) 767 0201 0.197 0015 1.019 1.128 0.170 0.636
yi=115p,aV) 933 0199 0.195 0015 1012 1.113 0.171 0633
(@) + (1) 745 0.198 0.194 0015 0977 1.117 0.174 0.645
an + (I1v) 937 0.195 0.191 0015 0951 1.096 0.175 0.645

Note: Variables with a circumflex denote deviations from natural equilibrium.

losses (W) arising from a deeper horizontal or vertical trade integration consistent
with the evidence documented by Baldwin (2006), that is, a 10% increase of «
or y. An additional scenario where trade integration increases by 15% is also
considered. Finally, Table 3 details the evolution of the volatility of variables
entering in to the welfare loss function.

On one hand, a 10% increase of y generates large welfare gains, equivalent to an
average 7.67% increase in permanent consumption. The overall volatility of terms
entering the loss function is clearly dampened. When vertical trade increases,
the composition of consumption goods produced becomes more similar, which
implies that shocks affecting the production of intermediate goods asymmetrically
have more similar effects on output and marginal costs. This mechanism also
contributes to lowering the PPI national inflation rates, as illustrated by the new
Keynesian Phillips curves. If marginal costs, the driving force behind the PPI
inflation rates, are more correlated, then the PPI inflation rates are affected in the
same way. The adequacy of the common monetary policy to national inflation
rates and business cycles increases, which enhances its effectiveness and reduces
the volatility of national inflation rates. Furthermore, as shown by Figures 3
and 4, the overall need for external adjustment is clearly reduced, which favors
a drop in the volatility of terms-of-trade gaps, relative hours gaps, and relative
consumption gaps and translates into aggregate welfare gains.

On the other hand, in the baseline scenario, a 10% increase of horizontal trade—
measured by a 10% increase of o«—implies an average welfare loss equivalent to
a2.03% fall in permanent consumption.

A close examination of volatilities shows that the distance of national infla-
tion rates and consumption goods terms of trade from their natural equilibrium
path is clearly reduced. Indeed, the volatility of national inflation rates drops by
1.53% and the volatility of terms-of-trade gaps by 4.38%, which has welfare-
improving consequences. Because the composition of the CPI inflation rates and
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private consumption bundles becomes more similar, for a given monetary policy
rule, monetary policy becomes more effective and its ability to stabilize national
PPI inflation rates increases. These lower national PPI inflation rates result in a
lower pressure on consumption goods terms of trade, which clearly reduces their
volatility.

However, although external adjustment relies less on consumption goods terms
of trade, the volatility of the current account is enhanced, which leads to welfare
losses that more than compensate for the previous welfare gains. These losses
are imputable to the increased distance of relative hours and relative private con-
sumption from their natural level. The fact that agents use the current account
more intensively to adjust asymmetric shocks implies important wealth transfers
that deeply affect relative labor supplies and private consumptions. Debtor (resp.
creditor) households need to increase (resp. decrease) their labor supply and de-
crease (resp. increase) their consumption level to increase (resp. decrease) their
net earnings and repay their debts (resp. lower their savings) in the medium run.
The magnitude of the latter effect clearly depends on the level of costs levied by fi-
nancial intermediaries. Indeed, these costs increase the sensitivity of consumption,
labor efforts, and equilibrium wages (and thereby marginal costs) to variations of
net foreign assets or liabilities.

Summing up, under incomplete financial markets, horizontal trade integration
increases the overall need for external adjustment and thereby the magnitude of
wealth transfers. It results in increased business cycle asymmetries and aggregate
welfare losses.

Our results match those of other studies that measure the welfare gains asso-
ciated with the reduction of various distortions in the economy. Canzoneri et al.
(2007) estimate that the welfare costs of nominal inertia can reach 4%—5%, mostly
depending on the degree of persistence in the economy. In our model, the value
of the Frisch elasticity is low, the assumption of imperfect risk sharing adds an
important source of persistence, and the estimated persistence of shocks is quite
high. The overall persistence is thus important and, consistent with Canzoneri
et al. (2007), nominal inertia is quite costly in terms of welfare in our model.
Several studies also quantify the welfare gains of financial market integration,
building on higher risk sharing and consumption smoothing. For example, Van
Wincoop (1999) finds that the welfare gains from risk sharing range from 1% to
more than 7% of permanent consumption. Those welfare gains could actually be
much higher according to previous studies using alternative methods to measure
financial market integration [see Lewis (1996)]. More recently, Demyanyk and
Volosovych (2008) document that the welfare gains of financial markets integra-
tion range from 1% of permanent consumption for EMU members to more than 8%
for new European Union members. In our model, both sources of welfare losses
(nominal inertia and imperfect risk sharing) are combined and yield important
welfare losses. As suggested by Dotsey and Ireland (1996), this combination of
various frictions may actually result in important welfare losses.
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TABLE 4. The welfare gains of a 10% deeper horizontal («) or vertical (y) trade
integration under complete financial markets

Standard deviation (%)

-~ ~ ~r ~r

U (%) T T v S oy c, n;
Baseline — 0.278 0.275 0.015 0407 1208 0.025 0.334
oy = l.1ag (I) 6.12 0272 0269 0.015 0.391 1.235 0.022 0.341

o) = 1.15a¢ (IT) 732 0270 0.266 0.015 0383 1.247 0.021 0.344

v, =11y, 870 0273 0269 0015 0407 1.142 0.025 0315
v, =115y, V) 1057 0270 0266 0.015 0406 1.111 0.025 0.307
() + (1) 10.50 0267 0263 0.015 0390 1.169 0.022 0.323
an + (Iv) 1262 0262 0258 0015 0383 1.149 0021 0317

Note: Variables with a circumflex denote deviations from natural equilibrium.

5.3. Complete Financial Markets

In this paragraph, we proceed to the same experiments under complete financial
markets. In this case, households have access to a continuum of Arrow—Debreu
securities, which allows them to insure against asymmetric shocks. In this case, the
marginal utility of private consumption is equal across households, countries, and
states of nature. This result is summarized by the following risk-sharing condition:

Picl(j) = P/ c] ()

As a consequence, the dynamics of the external adjustment relies on terms of
trade only and asymmetric shocks do not imply any wealth transfer. Using the
baseline parametrization, Table 4 presents the welfare gains of a 10% horizontal
and vertical trade integration when financial markets are complete in the monetary
union.

The results described in Table 4 shed some additional light on the results under
incomplete financial markets. Under complete asset markets, both horizontal and
vertical trade integration yield welfare gains, ranging from 6.12% in the case
of a 10% increase of horizontal trade integration to 12.62% in the case of a
15% joint increase of horizontal and vertical trade integration. Financial market
incompleteness thus appears to be a crucial assumption in determining both the
signs and the magnitudes of the welfare gains implied by horizontal and vertical
trade integration.

6. SENSITIVITY ANALYSIS

In this section, we investigate the robustness of our results to a wide range of
parameter variations. The simulations have been run to evaluate the sensitivity of
our results to the asymmetry in the pattern of nominal rigidities. Because these
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FIGURE 5. Sensitivity of the welfare gains or losses of a 10% increase in horizontal trade:
incomplete financial markets.

simulations show that asymmetries in the pattern of nominal rigidities do not play
a significant role in generating our results, they are not reported.

Figure 5 reports the sensitivity of welfare gains or losses associated with a 10%
increase in horizontal trade to different variations in the set of structural param-
eters in the case of incomplete financial markets. Figure 5 once more highlights
the interaction between two effects when horizontal trade integration increases:
(i) welfare gains related to the lower costs of nominal rigidities and (ii) welfare
losses caused by the increased volatility of the current account. Depending on
parameterization, the overall welfare effect of horizontal trade integration is either
positive or negative.

When portfolio management costs () fall below a certain threshold, between
0.09% and 0.1%, or when nominal rigidities are beyond 0.75, horizontal trade
integration generates welfare gains. This is the case either because the enhanced
volatility of the current account become less costly or because the reduction of
national PPI inflation rates generates higher welfare gains. These results clearly
show that frictions in financial markets are a key assumption to generate our results.
This assumption introduces welfare losses related to imperfect risk sharing among
members of the monetary union. The sensitivity analysis reveals that small frictions
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(x = 0.09% implies that households have to pay an average 0.36% annual interest
rate premium to access financial markets) are sufficient to mitigate the welfare
gains from lower inflation rates when horizontal trade increases.

The sensitivity of welfare gains/losses to variations of the elasticity of sub-
stitution between intermediate or consumption goods also illustrates the mech-
anism behind welfare gains or losses. As the elasticity of substitution between
consumption goods (u) increases, changes in the volatility of consumption goods
terms of trade implied by enhanced horizontal trade integration are lower. At
equilibrium, the volatility of PPI inflation rates is thus reduced, whereas the
impact of © on the volatility of the current account is clearly positive. Welfare
gains related to lower national inflation rates are thus dampened, whereas welfare
losses caused by the increased volatility of the current account increase. As a con-
sequence, net welfare gains from horizontal trade integration depend negatively
on the elasticity of substitution between consumption goods. In contrast, as the
elasticity of substitution between intermediate goods (¢) increases, intermediate
terms of trade are less required to fluctuate to reach the equilibrium on interme-
diate goods markets, ceteris paribus. As a consequence, the rise of the volatility
of intermediate terms of trade, relative hours, and relative consumption gaps are
reduced when horizontal trade increases, which has a positive impact on welfare
gains.

The sensitivity of welfare gains to the inverse of the Frisch elasticity (i)
and the risk-aversion parameter (o) is also investigated. When the intertempo-
ral elasticity of labor supply (¢) increases, the volatility of hours decreases at
equilibrium. Because welfare losses relate to the magnitude of wealth effects,
and hence to the response of labor supply, lower responses of labor supply im-
ply lower overall welfare losses or higher overall welfare gains when horizontal
trade integration increases. The effect of the risk-aversion parameter is somehow
surprising. The risk-aversion parameter governs the willingness of households to
smooth their consumption over time when undergoing unexpected asymmetric
shocks, which is associated with an increased use of financial markets, and should
lead to higher welfare losses. However, Figure 5 tells us that these aspects are
more than compensated for by the drop of the volatility of terms of trade and of
national inflation rates. Risk aversion is thus found to have a (quantitatively small)
positive impact on the welfare gains generated by an increase in horizontal trade
integration.

Finally, Figure 5 reports the sensitivity of welfare gains/losses to variations
in the level of trade openness (o and y). Clearly, the welfare gains arising in
the case of a 10% increase in horizontal trade integration are nonlinear in « and
y. More specifically, the welfare costs undergone because of asymmetries trig-
gered by the increase of the volatility of the current account are clearly surpassed
by standard welfare gains when trade openness is high; that is, « > 0.3 and
y > 0.1.

Second, Figure 6 reports the sensitivity of welfare gains or losses associated
with a 10% increase in vertical trade to different variations in the set of structural
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FIGURE 6. Sensitivity of the welfare gains or losses of a 10% increase in vertical trade:
incomplete financial markets.

parameters. Welfare gains generated by a 10% deeper vertical trade integration are
clearly increasing with the degree of nominal rigidity (1), because the reduction of
national inflation rates is both enhanced when vertical trade integration increases
and more weighted in the loss function.

These gains are barely sensitive to the level of portfolio management costs (x),
which confirms that financial markets do not play an important role when trade
integration is vertical.

The welfare gains of deeper vertical trade integration also clearly decrease
with the degree of substitutability between goods. Although the decrease is
moderate when the substitutability of consumption goods (u) increases, wel-
fare gains decline more sharply when the substitutability of intermediate goods
(¢) increases. In general, higher substitutability reduces the required variations
of terms-of-trade volatility when vertical trade increases. As a consequence, as
substitutability increases, changes in intermediate and consumption goods terms-
of-trade volatility become very small when trade integration increases, which
impacts welfare gains negatively. This effect is much stronger for the substi-
tutability between intermediate goods because nominal rigidities bear on con-
sumption goods prices whereas intermediate goods prices are flexible. When the
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substitutability between intermediate goods increases, the volatility of intermedi-
ate terms-of-trade gaps tends to become unaffected and the impact of vertical trade
integration on welfare vanishes. Because consumption goods terms of trade are
staggered, the welfare gains of vertical trade integration do not completely fade
away.

As in the case of horizontal trade integration, an increase of the intertemporal
elasticity of substitution of labor supply () has a positive impact on the welfare
gains of vertical trade integration. Indeed, the softening effect of an increase of
on the volatility of labor supplies affects welfare gains positively.

Finally, the effect of trade openness on the welfare gains arising after a
10% increase in vertical trade integration depends positively on the level of
trade openness in both consumption goods markets («) and intermediate goods
markets (y).

7. CONCLUSIONS

This paper shows that horizontal and vertical trade integration have different
outcomes in terms of welfare in a monetary union characterized by business cycle
asymmetries and inflation differentials. In both cases, a deeper trade integration
reduces inflation differentials by favoring a better diffusion of shocks from one
country to another, through increased trade flows. This increased macroeconomic
interdependence helps the common monetary policy to be in line with national
situations. Equilibrium national inflation rates decrease, and trade integration thus
generates welfare gains.

However, under incomplete financial markets, horizontal trade integration in-
creases the volatility of the current account, whereas vertical trade integration
reduces the overall need for external adjustment in case of asymmetric shocks.
As a consequence, horizontal trade integration implies welfare losses that might
exceed the previous welfare gains. For the baseline estimate presented in this
paper, horizontal trade integration produces welfare losses equivalent to an aver-
age 2.03% drop of permanent consumption and vertical trade integration gener-
ates welfare gains that amount to an average 7.67% of permanent consumption.
However, an extensive sensitivity analysis indicates that financial market incom-
pleteness and nominal rigidities play a key role in the pattern of welfare gains or
losses.

The main conclusion of the paper is that financial frictions, as well as their
interactions with real and nominal rigidities, should be taken carefully into account
in analyzing business cycle asymmetries in open economies and/or monetary
unions.

NOTES

1. This increase fits the actual consensus concerning the effect of the EMU on intrazone trade [see
Baldwin (2006)].
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2. Nominal exchange rate issues per se, as well as the analysis of the conditions underlying the
adoption of a common currency, are beyond the scope of the paper.

3. The definition of terms of trade is arbitrarily chosen to be consistent with the definition of the
real exchange rate, as in Gali and Monacelli (2005). An increase of X, thus implies that intermediate
terms of trade actually drop for country / and increase for country f.

4. Here again, the definition of terms of trade is arbitrarily chosen to be consistent with the definition
of the real exchange rate. An increase of S; thus implies that final terms of trade actually drop for
country & and increase for country f.

5. The log-linear approximation of the model is presented in Appendix A.1.

6. Austria, Greece, and Ireland are not taken into account because data are unavailable.

7. Appendix A.2 details the derivation.

8. An increase of 50% is assumed here to ease the analysis of the IRFs and make the impact of
trade integration clearer.

9. The model is simulated 1,000 times over 120 periods by feeding it with random productivity
and public spending innovations each period. The welfare and standard deviations are then averaged
over the number of simulations.
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APPENDIX

A.1. LOG-LINEAR APPROXIMATION OF THE MODEL

Euler equations and labor supply

v

0E {cty — ¢} =rm — EAQ — @) mip + o pa} — x (1 — )77 b7
) , AL

0 el —cl} = v = E{ =) 7 puss + amin) + (1= )P bl

lﬁn? + GC? = wfh — Phy — OS; W"rf + Ucrf = wrf — Pre oS,
Inflation and terms of trade

1= nhB)(1—nh
The = BEATh 11} + % [(1 -y (w) —a)+y (wif = af) - Ph,r]

i 7 1—nf . .
70 = BEdm grn) + S2ELT) [(1 -7) (wrf 1 af) +y (w—af) - Pf,t]
Tht = Phyt — Phi—1 e = Pfr — Pfi-1
SE =S =T — Ty or=w — wh +al — al

Goods-market clearing
yt" =(1—«) [(1 —a)cf’ +ozc,f 4+ 2au (1 —oz)s,] +thh
ylf =1 -x) [(1 —) c,f —l—occf‘ —20pu (1l —a) s,] —I—/cg,f
al +nl = (1 —y)y"+yy/ +20y (1 - )0,
al +nf = —y)y +yyl =20y 1 —y)o,
Current account

bt — bl = b +a ic,f e 2u(l—a) - 1]s,]

+5 [ -+ e -y - 110
Interest-rate rule
Tl = p, 1+ Bo (%nh,t R %ﬂ.ﬂ/)

A.2. THE WELFARE LOSS FUNCTION

The welfare criterion is written

o0

_ o |y retGt NEGHT
o=y |z [ |58 - |4

t=0

L e/gy NGy |
+2_/(;|: l—-0 1+ i

After using the symmetry among agents, we define

1 nl-o 1 7 1—o
°’_2(1—o)(c’) +2(1—a)<cf) ’

1 N 1 A\
”""_2(1+1//)(’) +2(1+1/f)(N’> :
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We compute welfare derivations through a second-order approximation of variables to
their steady state values and for second-order expressions of shocks equal to zero, that is,
(al)? = (g')? = 0. Before approximating, we need to state

l 2 f 2 u 2 r 2
37 () ] = ) )
A second-order approximation to u} , is written

-0

C 1-—
UL, = T—+C {c:* +—— [ (@) + (cf)z]} + 0xIE ),

where O(||&%|)) gathers terms of higher order.
A second-order approximation to uy, , is written

1+y

1+y

+ NV {n; + # [(ny)2 + (n;)z]} + 0. A1)

U~
Uy, >

Recalling that (a')?> = 0, a second-order approximation of intermediate goods markets
gives

1 2 1 2
nl + 7 (al +n)" =1 —y) [yf’ +¢yo, + > (' + ¢yo.) + dpf’]

1 2
L% {y,f +o—po+5 [ +ea-yo] +dp,f} +tip.+ O(IE]).

1 2 1 2
n'f+§ (af+n'f) =(1-y) [ytf —groi+ 5 (y,f —dn/m) +dpf}

h Lo 2 h : 3
+yyy e —y)o, + 3 = —y)o] +dp]{ +tip.+ OUE D),
where t.i.p. stands for terms that are independent of the problem and where
@
dp; = EVaT(Pi,:),
implying that (dp!)* € O(||&%]). Combining the last two expressions, we get
u u\2 r\2 u 1 w\2 1 r\2 1 2 0
n S () S () =0+ S 00 5 (1) ey (=) @0+ var(pn)

0 1 1 .
+ Zvar(pﬁ,) — fathnf — Ea,fn,f + ti.p. + O(||$3||).
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Combining with (A.1), we get

u u 1 w)2 1 r\2 1 1 f ¢V (1 - )’)
Uy, = NV {y, + 5 (y,) + 5 (y,) — Eaf’nf — Ea,jnf + s (cr,)2
6 0 oo, (/A .
+ Zvar(ph,,) + Zvar(pf,,) + > (n,)2 + > (n,)z} +tip. + O(ED.

Now turning to u“,, we compute a second-order approximation to consumption goods-
et

market conditions, while recalling that (g/)> = 0, and that the equilibrium of retail goods
market implies z/ = ¢/,

1 % 1 2
yi+ 7 (yt”) =l—-a)(l—xk) |:cth + pas, + 3 (cth + ,uozs,) ]

7 lry 2 ~ 3
+a =0 e +p-as+ 5[ +pd-as] | +tip.+ 00D,

1 2 1 2
W +5 (o) =(1—a)(l—x)[c,f—uasﬂri(cff—/wst)]

1
+a(l—w) {ci’ —n -+ o[ —pl-w s,]z} +tip. + O,

which implies
1

1 1 1
w+5wf+5wﬁ=ﬂ—n{d+gwf+f¢ﬁ]

+(1—K)M06(1—0t)

> (s)° + tip. + O(E )

or

u 1 llz ) 8 r2_ 1 u l ll2 l rz
Cr"“i(ct) +2(Ct) Taso [y,—f—z(y,) +2(nt)]

_;,La(l—oc)
2

ul, now is written

(s0)? +tip. + O(IE3]).

u —0 1 u 1 u2 l r2
MCJZCI {m[yl—'—i(y,) +§(I’l[):|

pna (1 —a) o
— f (Sr)z _ Z (C?)Z —

Collecting terms, we get

—0 1 u 1 u 1 r
uhwﬁm:@{t;b+ﬂmuﬂ“1

pe(l—a) 0 o
— <s,>2—z(cf)2—f(cf)}
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u 1 u 1 r ¢)/ (1 - )’)
SNy S (0 S () + T (00
2 2 2
) ) 1 1
+pvar(pi) + pvar(ps) — sapn — Saln!
Voo, Vo2 .
2 () 5 ()7 |+ tip.+ 0(IEN).
Using the fact that

1—
N = Yy _yee 2 &F
A

1—«’

the approximation simplifies to

U~
u, =

Cc'~e (I—K)g,
1—« 2

-T2 @y + @] - Sy + )]

0 0 !
— 7var(pns) — Zvar(pf,t)} +tip.+ O(IE).

S 1 1
() = S @)+ Saing + 5

aifn‘,f

where ¢, = ¢y (1 —y) > 0and ¢, = pa (1 — ) > 0. Recalling that

we get

u

U ~

t

u __ u u
ng, =5y —4a,
u u
u Y T K&
Ct—i
11—«
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S 0
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Recalling that

-~ =@+ Ko
= a

3 ar(pr,)
Fa 7
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[62)" - 25t ]

G s SR R s s g

the welfare simplifies to
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Simplifying cross products according to

lahnh _’_lafnf =n"a"+n'a =y'a' +n'a +tip.+ 0(”53”)
ot 2ft—tt 4 =4 [ 1P ’
we get
L C [ (1=K s 0 0
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Wy Wy

where w, = 1 + 2¢ (w (1 — 2y)% + 2gy), n;a; decomposes according to
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vty
Using the expressions of n] and y; yields
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Simplifying,
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and plugging into the approximated aggregate utility function yields

.. C' [_(1 — ) 5,

S - 0 6
(0 —=5)* — % (0, =5 — Fvar(png) = gvar(py,)

u, =~

T l—x 2 4
o+vd—x) , - cd—x) . Vo
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+ tip. + O(E).

Now considering the stream of utility flows, the welfare function is written

T
wr = Zﬁ’EO {u?} .
=0

Woodford (2003) shows that

T 2

T
> Brvarpi) = Y B
=0

t=0

where k' = (1 — »'8) (1 — n')/n', which yields the final form of the welfare function
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T
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=0

and where
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